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Abstract

This paper investigates the logarithmic coefficients of a subclass of close-to-star functions. We establish precise bounds
of the logarithmic coefficients and the Hankel determinants H 2,1,H_2.2and H_3,lassociated with the class [CST]
_ 0 (g), where g(z)=z. Additionally, we derive sharp estimates for the Zalcman functional J 3,3 (f) within the same class.
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1. Introduction

This paper lies within the broader framework of geometric
function theory, particularly the theory of analytic and
univalent functions in the unit disk.

Specifically, it focuses on the subclass of close-to-star
functions, which are generalizations of starlike functions
and are fundamental in understanding the geometric
properties of analytic functions.

Let #{ be the class of analytic functions in the unit disk D :
= {z € C: |z| < 1} of the form

f(z) =z +Z a,z" , (z
n=2

€D), (1.1)

v

and A be its subclass of all f normalized by f(0) =
0,f (0) = 1. By S we denote the subclass of A of
univalent functions, §* be the subclass of § of all starlike
functions, namely, f € §*if f € A and

zf'(2)
e m>0 , Z

€D. 1.2)

A function f € A is called close-to-star if there exists g €
S*and f € Rsuch

that

e f(z)
‘9@

>0,z

€ D. (1.3)
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Denote by CST the class of all close-to-star functions
introduced by Reade (1955).

Note that f € CST if and only if a function

F(z) = &dt Z€D,

0
is close-to-convex.

The class of close-to-star functions and its subclasses were
intensively studied by various authors (e.g., MacGregor
(1963), Sakaguchi (1964), Causey and Merkes (1970); for
further references, see the reference by Duren (1983). Given
g € S"and B € R, let CST;(g)be the subclass of CST of
all f satisfying (1.1). In this paper, we deal with the class
CSTy(g) where g(z) = z,z € D, whose elements f given
(1.1) satisfy the following condition:

Re Q >0,z

z

€ D. (1.4)
Also, we provide the sharp estimates of logarithmic
coefficients of the Hankel determinant H, 4, H,,and
H; ;and Zaleman functional J, ,(f) for the class CST,(g).

Since the class CSTy(g) has a representation using the
Carathéodory class P, i.e., the class of functions p € H of

p(z) =1+ i

n=1
z €D, (1.5)

havng a positive real part in D, the coefficients of functions
in C8T,(g) can be represented in terms of the coefficients

the form

of functions in P. Therefore, to get the upper bounds of the
considered functionals our computing is based on
parametric formulas for the second, third and fourth
coefficients in P. However, the class is rotation non-
invariant. Thus, to solve the discussed problems, we will
apply a general formula for c; and c, recently obtained by
Libera and Ztotkiewicz (1983) and Kwon, et al. (2018).

The q — th Hankel determinant for analytic functions was
first given by Pommerenke (1966) and is defined by

Han(f)

an  Anpiq an+q_1

An+1 Any2 Antg-—2
=l S a2, (1.6)
Ant+g-1  OQniq An+2(q-1)

wherea; = 1qn € N = {1,2,---.}.
In particular, we have

a; a;
Hy1(f) = |a2 a3|
= a3

—a,?,(a; =1,n=1,q
=2), (1.7)

a, as
Hz,z(f) = |a3 a4|
= Q04
- a32 I(n = 2Jq
=2), (1.8)
a a; as
as a, Gas

H3,1(f) =

= azas — a3 — a3 — aas + 2a,aza,

= azH,,(f) + asl

+ asHy 1 (f), (1.9)
where | = a,az; — ay,
and

a; a
H2,3(f) = |ai a§|
= azas
-a,?,(n=3q
= 2). (1.10)
Recently, many authors examined the second and the third
Hankel determinants

H,,(f)and Hs;(f) over selected subclasses of A,
particularly of § (See Cho et al. (2017), (2018)) and
Kowalczyk et al. (2018)).

Logarithmic coefficients are one of the topics recently being
of research interest by various authors (Girela (2000),
Thomas (2016), Ali et al. (2018), Kumar and Vasudevarao
(2018) and Cho et al. (2020)).

Forf € Slet

Fr(2) = log— = ZZ ¥ (f)z",z € D,log1l

_o. (1.11)
The numbers 7V, := y,(f) are called logarithmic
coefficients of f. It is well known

that the logarithmic coefficients play a crucial role in the
Milin conjecture, (See Milin (1971) and Duren (1983)).

Taking the exponential of both sides of (1.11), and
differentiating logarithmically, we obtain

1
V1= Eaz , (1.12)
1 1,
Y2 = §<a3 - Eaz ), (1.13)
1 1,
)/3 =E(a4_a2a3 +§a2 ), (1.14)
Ya
1
= E(as — aya, + dia;
1
-5 - 4) (1.15)

1
4
(a6 - azas a3a4 + a2a4 + a2a3

NIH

Vs

s .1 s
—aza; +§a2). (1.16)
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Lecko and Sim (2019) studied logarithmic coefficients on
families related to close-to- star functions, while Hermtian
Toeplitz determinants of the second and third order for
classes of close-to- star functions were studied by
Jastrzebski et al. (2020).

Very recently, Kowalczyk and Lecko (2022) introduced the
research study of the Hankel determinant H ,, (Ff / 2) which
entries are logarithmic  coefficients of fi.e,

Hon(Fy/2)
Yn Yns o Vn+q—1

Yn+1  Vn+2 Yn+q—2 (1 17)

Yn+q-1 Vn+q Yn+2(g-1)

Kowalczyk and Lecko (2022) obtained sharp bounds for
H, 4 (Ff / 2) for the classes of starlike and convex of order
a . The problem of computing the sharp bounds of Hankel
determinant on logarithmic coefficients of bounded turning
associated with a petal-shaped domain considered by Shi e?
al. (2022).

Guo et al. (2024) investigated the logarithmic coefficients
for a subclass of close-to-star functions, specifically the
subclass §T(1). Additionally, he derives sharp estimates for
the Zalcman functional J, ,(f) within the same class.

Recently, Seker et al. (2025) investigated the logarithmic
coefficients for the Class of Bounded Turning Functions
Associated with Lune domain.

In this study, we investigate the estimation of Zalcman
functional on the logarithmic coefficients, second and third
Hankel determinants for the class CST;(g) related to the
identity function with the determinant entry of logarithmic
coefficients. Also, we obtain the sharp estimate of Zalcman
inequality for the class CST,(g).

This study contributes to the deeper understanding of close
— to — star functions by employing advanced tools such as
logarithmic Hankel determinants. It not only enhances the
theoretical framework of univalent function theory but also
opens avenues for applications in applied mathematics,
complex geometry, and mathematical physics.

2. Preliminary Results

In this section, we give some lemmas to prove our main
results.

Lemma 2.1. (See Libera & Ztotkiewicz,1983) Letp € P
and be of the form (1.6). Then,

L = 281, (2.1)
C2

— 2
= 2¢7f

+2(1 — £3)e,, (2.2)

c3 =28 + 4(1 —eP)ee, — 2(1 — ef)e €2
+2(1 - )1 = (Ie2)?) &5, (2.3)
cqg =261 4+ 2(1 — e)ey[e2 (2 — 35, + 3) + &,
—2(1—eP)(1 = (e
[26,(e;, — 1)] &5 + €63

— (1= (&) &, (2.4)
for some &, and &3 such that |e,] < 1 and |e3] < 1 and
les] < 1.

Lemma 2.2. (See Goodman, 1983) For a functionp € P
of the form

the sharp inequality |c,| < 2 holds for each n = 1 and
2 2
€1 lcq|

275= 2

Equality holds for the function p(z) = g .

Lemma 2.3.(See Efraimidis, 2016) Let p € P of the form
p(z)=1+¥7,¢c,z",z€D,

and p € C. Then

e, — uerCnoil < 2max{1,[2p — 1|},1 <k <n —
1.

If |2u — 1| = 1, then the inequality is sharp for the

. 1+z
function p(z) = =
or its rotations.
If |2u — 1] < 1, then the inequality is sharp for the
1+z™

1-zM

function p(z) =

or its rotations.

Lemma 2.4. (See Arif, Tang, Hussain & Khan, 2019) Let
p € Poftheformp(z) = 1+ Yy ,c,2",Zz€D,
and a,f,y € R. Then
laci — Bey + yes|
< 2al+ 2B — 2q]
+ 2)a — B + vl

Lemma 2.5.(See Choi, Kim & Sugawa, 2007) Let D :=
{p € C: |p| < 1},and for J,K,L € R, let
Y(J,K,L) = max{|] + Kp + Lp*| + 1 —|p|*: p

€ D}. (2.5)
IfJL = 0, then
Y(J,K,L)
/1 + K]+ |L] JK =21 =L,
— 1(2
1+|J]|+——=,IK| <2(1—|L]).
U1+ g =y 1K1 < 20 = 12D

IfJL < 0, then
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Y(,K,L)
(1 e K e 2 _
L=Vl g oy~ YL = D < KPAIKL <201 - LD,
— 2
1+ +ﬁ, K? < min{4(1 + |L)?, —4JL(L — 1)}
L R(J,K,L) ,otherwise,
where
RU,K,L) =
1+ K| — |L| LK + 417D < K|,
KZ
1+ U] +aaom K< ILIAK] = 4D,
L]+ 1] |1 - % , otherwise.

3. Hankel Determinant with Logarithmic
Coefficients for the Class CSTy(g)

Theorem 3.1. If f € CST;,(g)is of the form (1.1), then
Vil < Llyval <1 0lysl <10yl <3, 1yl < 7.
All inequalities are sharp.

Proof. By (1.4) there exists p € P of the form (1.5) such
that

@ =p(2) = f(2)
=z p(2). (3.1)

Substituting the series (1.1) and (1.5) into (3.1), then
equating the coefficients, we get

a, =C;,03 = Cy,a4 = C3,05
= C4. (3.2)

The inequality |y;| < 1 follows directly from (2.1), (3.2)
and (1.12) with sharpness for the function f given by (3.1),
where p is as in (1.5), also we can prove that inequality
ly1]l < 1 by using (1.12), (3.2) and Lemma (2.2).

Substituting (2.1) and (2.2) into (3.2) and from (1.13) it
follows that

1 1 )
72l ZE as _Eaz

1

1
zle 3¢

1
= El 262+ 2(1 — ed)e, — 262

=|(1-edg| <1,

with sharpness for the function f given by (2.3), where p is
as in (1.5) with

g =0andanye, € T.

Also, we can prove that |y,| < 1using (1.13), (3.2) and
Lemma (2.3).

Substituting (2.1), (2.2) and (2.3) into (3.2) and from (1.14)
it follows that

1 3
sl = 5|% T %203 +§a2

1 3
= glCl - 3C1C2 + 3C3|

1 WL
—|C3 — C{C —=C
2 3 1%2 31

1
= g|6€13 + 12(1 — €¥)g 5,
—6(1 —&f)e €5

+6(1—¢ef)(1 = (lez2D)?) &5
— 6g,(2e2 4+ 2(1 — ed)ey) + 8¢}

= %lZsf —6(1 — e?)g, &2
+6(1— &)1 = (le2)?) &s]
< %lZsf —6(1 —ef)e &3
+6(1—¢ef)(A = (le2D?)I,

where €; € D, i = 1, 2, 3. Thus by setting x := |g| €
[0’ 1] andy = |EZ|E [O: 1]7

we obtain
1
lysl < g[2x3 +6(1-x*)(1 -1 +x)y>)]

= %[2x3 —6x2—6(1—-x)A+x)y2+6]<1,(x,y) €
[0,1] x [0, 1].
Also we can prove that |y;| < 1 by using (1.14), (3.2) and
Lemma (2. 4).

L
lysl = €|C1 —3c16; + 3¢5

<-QI1+213=-2]+]1-3+3]

IN
e

wherea =1 ,8=3 ,y =3.

Substituting (3.2) into (1.15), then using triangle inequality
and Lemmas (2. 3)and (2. 4), we get

1 1
[Val =E C4_01C3+C12C2_§C% _Zcf
1 1 ) 1 3
SE[C4—ECZ + ¢l ez — cicp +ch]

<1(2
2

+2[2|1|+2|1 1|+z|1 1+1]|)
4 2 4

_1 2+2(1+1+1) =3
T2 2 2)) 7

Whereazi B=1 ,y=1,u=%.

Substituting (3.2) into (1.16), then using triangle inequality
and Lemmas (2.2), (2.3) and (2.4), we get
Z C15

5

1
— 2 2 3
h/sl = E C5 - CIC4 - C2C3 + Cl C3 + C1C2 - C2C1 +

26
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1
= E (cs —c1cq) + 012 (gcf — €16 + 03) —(c3 — ¢163)

1
< §[|Cs = c164| + |czlles — ccal

|

z gcf—clcz+c3

<1[2

2

+4 2|1|+2|1 2|+z|1 1+1|)

( 5 5 5
1

+4]=E(6+4x2)=7,
wherea=§ B=1,y=1,u,=1,u,=1.
Theorem 3.2: If f € CSTy(g), is of the form (1.1), then

|Hy1(F/2)| = lyavs — V3 < 1.
The inequality is sharp.
Proof:
Substituting (1.12), (1.13), (1.14) and (3.2), we obtain
ViVs = Vi = %(aza‘} —ai+ 1—12a§) = i(clc3 -+
et
By using lemma 2.1, we get
Yivs — Vi = %[251(2513 + 4(1 - e))ee,
—2(1 - )& &3
+2(1 - D)1 - (le2D?es)

16
—(2ef + —&f)e)  +—=e¢
(267 +2(1 - &)z + 1 ot

— 14 4 2\ o2
=7l38 — 4(1 —gf)es
+4(1 =D - (eD)as) (33)

A. Suppose that &; = 1. Then, by(3.3),

2 1 2
nys—Y: =3 = |y1ys — vzl
=—. (3.4)
B. Suppose that &; = 0. Then, by(3.3),

2 1 2 2
Y1i¥s — Vi = Z(_4‘92) = |y1vs — vzl
<1. (3.5)

C. Suppose that &; € (0, 1). By the fact that
les] < 1, from (3.3), we obtain

1 ) 513 g2
lv1vs — v3l < 4(1 —ef)eg; 3(1 &7 g
+1- |€2|2> ]
3
€
=(1—-eg, |—L
( 51)81 3(1 _ 512)
1
2
— e +1
& &+
— leal? (3.6)

here/=—S_ K=0,L=-1
w. ere]—S(l_S%) K=0,L=-=.
Since JL < 0, we apply Lemma 2.5 only for the
case II.

C1. Note that the inequality

4¢?

3(1—¢€2)
42

=-—x<0,
3

which evidently holds for €; € (0,1). Moreover,
the inequality |K| < 2(1 —|L|) is equivalent to
0 < 2(1 — &), which is false for &; € (0,1).

—4JL (i - 1) K2 = (2 -1)

C2. Since

2

1 g + 1\?
4(1 + |LD? = 4(1+—) =4(1 ) >0,
& &1

1 42
—4]L(—— 1) = _T< 0,

we see that the inequality

—0 < mm{4(1 + LD, 4L (l— 1)}

_ 481

T3
is false for £; € (0,1).
C3. Observe that the inequality

2
-

is equivalent to €2 < 0, which is false for &, €
(0,1).

C4. Note that the inequality

ILIAK] + 4D — UK =

2

4¢&f
VK| — [LI(K] = 4D = 30 - 2)_0

is equivalent to €2 < 0, which is false for & €

(0,1).
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C5. It remains to consider the last case in Lemma
2.5 and taking into account C4 holds for € '< g <

1.
1L+ Ul |1 Kz—l &
/ 4JL 3(1—51)

_sl —381 +3
T 3g(1—€2)

Then, by (3.3),

e —3e2+3
[y1ys — szl <@1- 512)51 <;>

3e,(1— &)
& —3ef +3
3 )
when g; = 0,
lyivs—vil < 1.

Theorem 3.3: If f € CST,(g), is of the form (1.1), then

F,
H,, (%)| = |y,¥a —¥3l < 19.

The inequality is sharp.

Proof: Substituting (1.13), (1.14) and (1.14) into (3.2) we
obtain

- 1 1
[V2vs — Vil = |Ta2a3a4 +Za3a5 16 —aja3 —§a3
gyl — a5 — o0} - 2
48 8 24 4
1
L 6
* 288 %
-3 1 1
_ TCIC2C3 +ZCZC4 166162 _§C2
17 1 1 1
Eczﬁ _§C4C1 ﬁ%cl3 _ZC§
+ch
288

By using triangle inequality and Lemma (2.2), (2.3) and
(2.4), we get

1 3 3 1
(-t ~3ae —54)

[V2Ys — V3?| =

3 1

< el Tl T A T30

1 1,
+Z|C4| €2 =56

17 1,
+E|C1| €2~ 702

1 1
‘|‘§|Cz|2 02—5512

1
< —
<2(2]-z +2[+

1 17
+2|————+4|)+1+—x16><2

24 48
+1=2 14 5)+2+34
(12 3 3
VAN ST
) 3
- =3 = -1 -
where a—Z,B—T,V—4,M1—2,Mz—

10z 'H3 73

Theorem 3.4: If f € CST,(g), is of the form (1.1), then

10

[y1Vs — v2v3l < 3

The inequality is sharp.

Proof: Substituting (1.12), (1.13), (1.14) and (1.15) into
(3.2) we get

1 1 1
[V1¥a — V2Vl = |7 @205 — za3a, + 57 a3a3 + zaja,
4 8 24 8
1
+Ea§
1 1 1
- 16164_56'163 24C2C1 +8CZC1
1
+EC15
1 1 1
= Cl (Ecl +ﬁ61£‘2 8C3>
1 1
+ZC1 (C4 +ECZZ) .

By using triangle inequality and Lemma (2.2), (2.3) and
(2.4), we get

28
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| |<4(2|1|+2| 1
Y1iVa — V2V3l = 48 24 24
+2 1+1 1)
48 24 8
+1X2

4
X 2 {12}—4(1+1+1)+2
maxtter="2276"8
10

3’

1 -1 -1

1 p—
where ¢ = — =— =— =—,
48 B 24 24 8 K 2

Theorem 3.5: If f € CSTy(g), is of the form (1.1), then
|Hs, (Fr/2)| < 36.

The inequality is sharp.
Vi Y2 V3
Proof: Hy 1 (Ff/2) = V2 V3 Va
Y3 Va Vs

= V3H2,2(Ff/2) = Ya(1Va — v2y3) + V5H2,1(Ff/2)
|H3,1 (Ff/2)| = |V3H2,2 (Ff/Z) —Va(Y1Va — V2¥3)
+¥sHa 1 (F;/2))-

By using triangle inequality and theorems(3.1),
(3.2),(3.3)and (3.4), we obtain

|H3,1(Ff/2)| < |V3||H2,2(Ff/2)| + Vallyiva — v2vsl
+ |V5||H2,1(Ff/2)|

10
=1><19+3><?+7x1=36.

4. Zalcman Functional

Lecko and Sim (2019) obtained the sharp upper bound of
the Zalcman functional J,3(f) = a, —aya; being a
special case of the generalized Zalcman functional
Ing(f) = anyg-1 — anaq, m,q € N\ {1}for functions
from S$7(1). We will find also the sharp bounds of the
Zalcman functionals Js 3(f) for the family CST,(g).

Theorem 4.1. If f € CSTy(g) is of the form (1.1), then
J33(f) = las —a3| < 2.

Proof. From (3.2) by using (2.2) and (2.4) it follows that

J33(f) = las — a3l = |y — 5|

-

Q|

1
+ gsch(él — (e —7ey,+3)

423 et ~2)
1
2= DA~ e lex (e - e

+ 52‘93? -(1- |53|2)54] .(4.1)

Suppose that
1 1
vi(cr, &) = -t + 582612(4 —c?)(e2 =T, +3) +

1
Z£§(4 - )2 -2),
1 2 2
vy(c1, 82)E3 = _551(4 — )1 = e (e, — D,
2 1 2 2 2
v3(cy, &2)e8 = _5(4 —C )(1 — |ea1?)eze3,

(ene)ea = = (4= :2)(1 = |81 = &)

Taking |&,| = x, |e5| = y. In light of |e,| < 1, we have

lcs — C%l

< w1 (e, )| + [va(c, )|y + |v3(cl,x)|y2

+ [v4(cy, x, y)|

< l/’(cpx,Y)' (42)

where Y(cy,x,y) = ug(cr, x) +up(eq, x)y +

uz(cy, 0)y? + uy(cy, x)(1 = y?),

and
1 1
u; (¢, x) = §cl4 + §xc12(4 - ?)(x? = 7x + 3)

1
+ Zx2(4 —c?)(c 2 = 2),
1 2 2
uy (¢, x)y = EC1(4 -G )(1 —x*)(x =1y,
1
us(cy, x)y? = E(4 —c?)(1 = xH)xy?,

1
us(e, A =y*) =5 (4-c?)A-x) - yD).

Now, we have to find the maximum value in Q:[0,2] X
[0,1] x [0,1]. We determine the maximum value of the
function (¢, x,y) in the interior of Q on the edges and
vertices of Q.

I. First, we consider the interior points of (). Differentiating
(4.2) with respect to y and

after some simplifications, we obtain

p %(4 —a?) (1 -2 = 1) (o +2y)

ay
# 0. (4.3)

Therefore, the function has no maximum value in (0,2) x
(0,1) x (0,1).

I1. Next, we discuss the optimum value in the interior of six
faces of Q.

On the face ¢; = 0, P (c, x,y) reduces to

K10, y) = ¥(0,x,y)
= 2xy? — 2x3y? — 4x? — 2y? + 2x%y?
+2. (4.4)
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The function k; has no maxima in (0,1) x (0,1) since
O0rq
d0x

=2y? — 6x2y? — 8x

+ 4x y?

o1y 4 4 4y +4
2y = b x3y —4y +4x%y.

By implementing numerical methods, we see that the

system a_ =0and — 6K1 =0

has no solution in (0,1) x (0,1).
Onc; = 2,y¥(cy,x,y) takes the form

Y(2,x,y)=2,xy
€ (0,1). (4.5)

Onx = 0,y¥(cq,x,y) can be written as
P(c1,0,y) = Kp(cy, y)

1 1
=—c*+ 5(4 - Clz)(l -y* =y

8
€ (0,1). (4.6)

This implies that the function x, has maxima (0,2) x (0,1),
since

Jx, 1 5
Ty —5(4 ) +y),
Jk 1 1
602 5513_5(4_012)3’_01(1_3/2_CY)-

. . a
Using numerical methods, we see that the system aiyz =

0a daKZ—O

has no solution in (0,2) x (0,1).
Onx = 1,y(cq,x, y)reduces to

K3(C'Y) = l/J(Cl, 1ry)
1 3
= §C4 —5012(4 - ?)

1
+7 (4-c*)(?2-2). (&7
There is no critical point for the function x5 in (0,2) x (0,1),
since

dx
3 2¢,% —

3C1_C13+3C1 =C13 * O,Cl
dcy

€ (0,2).

Ony = 0,y(c, x,y) reduces to

Ky(cy,x) = P(cy,x,0)
1
= §C14

1
+ §xc12(4 - ?)(x? = 7x +3)

1
+Zx2(4 —c?)(e,2 - 2)

1
+ 5(4 - ?)(1—x?), (4.8)
and

Jx 3

_4=—( —c1)< c1x+4clzx2—4x).

a
Using numerical methods, we see that the system 6—:4 =
1
0 and 2 6K4 —

has no solution in (0,2) x (0,1).

Ony = 1, the function ¥(cy, x, y)takes the form
1 1
Kks(cy, x) = §cl4 + §xc12(4 - ?)(x* = 7x +3)
1
+ Zx2(4 —c?)(c2 - 2)
1
= +EC1(4 —?)1=-xH)(x-1)
1 5 3

=§cl += (4—clz)< c2x3 —z4 Zx +chzx — x?

+ cx — o x3 + ¢ x? — cl)

———613—

Ok 1 (1
dc; 2 @

3

2..3 2.2 2 2
—C1°X° ——=C1“X“+—=C,°x — X
41 41 41

+Clx—clx3+clx2—cl)
5
+- (4—cl)< ¢y x3 —Eclx
3
+§clx +x—x3+x2—1),
O0Ks ) 5 3
Ez—( —cl)( ¢, 2x? —Eclx+401 —2x +¢

—3c;x% + 2¢yx )
Similarly, on the facey = 0, the system of equations % =
0 and —= aks =
has no solution in (0,2) x (0,1).
III. Now, we investigate the maximum of (¢, x, y)on the
edges of Q. From (4.6), we obtain ¥(cy,0,0) =: s,(c;) =
%014 + % (4 —c,?).
Since

3 :1 3¢, =0
$1(c1) 251 (4] .
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then there is one critical point ¢; =2 for ¢, € [0,2].

Therefore, s, is increasing in [\/E, 2] and hence a maximum
is achieved at ¢; = 2.

Therefore
¥(cy,0,0) < 2.
Also, from (4.6) at =1, we write
1 4 2
Y(cy1,0,1) = 5,(¢cy) = §C1 - (4’ -G )(Cl -1).
Slnce éz(cl) = %613 +%C12 - Cl - 1 =
By implementing numerical methods, we get ¢; = 1 in
[0,2].
Thus

¥(cy,0,1) < §= 0.125.

Putting c;, = 0in (4. 6), we have
¥(0,0,y) = 2(1-y?).

Since (4.7) is independent of x, we obtain

Y(cy,1,1) = P(cy,1,0) = s3(cy)
1 3
- §C14 - §C12(4 - Clz)

1
+ (4-c?)(c,2-2)
Since $5(c;) = ¢, > 0 for [0,2], s3(c;) is increasing in
[0,2] and hence a maximum is achieved at ¢; = 2.

Thus

P(cy,1,1) = P(cy,1,0) < 2.

Putting ¢; = 0in (4.7), we obtain

P(0,1,y) < 2.

Equation (4.5) is independent of variables x and y. Thus,

Y(2,x,0) = 9(2,x1) = P20,y) = 2,1y =
2 ,x,y € [0,1].

from equation 4.4), we have
P(0,x,0) = s,(x) = —4x?% + 2.
Since $,(x) = —8x < 0 for [0,1], s,(x) is decreasing in
[0,1] and hence a maximum is achieved at x = 0. Thus,
¥(0,x,0) =2,
P(0,x,1) = ss(x) = —2x3 — 2x2% + 2x.
Since $5(x) = —6x2 —4x+2 <0 for [0,1], s4(x) is
decreasing in [0,1] and hence a maximum is achieved at

1
x =3 ,Thus,

10
0,x,1) = === 0.37037.
YO.x1) =5

This completes the result.

5. Conclusion

Due to the great importance of logarithmic coefficients,
Kowalczyk et al. (2018) proposed the topic of studying the
Hankel determinant with the entry of logarithmic
coefficients. In our present investigation, we successfully
investigated a subclass of close-to-star functions, focusing
on the class CST;(g) where g(z) = z . we have obtained
estimate for some initial logarithmic coefficients up to ys ,
as well as H,;,H,, and H;,with entries involving
logarithmic coefficients and some related inequalities
problems on logarithmic coefficients. The third Hankel
determinant bound for the logarithmic coefficients as the
entry for this class were determined.

The bounds of various coefficient functionals in the class
presented in this paper were obtained due by connecting this
class with the Carathéodory class. It is worth noting that a
thorough understanding of the Carathéodory class,
including estimates of coefficient functionals, is a good tool
in studies of other classes of analytic functions. Using these
results, one can easily obtain the fourth and fifth Hankel
determinants.

Furthermore, we examined the Zalcman functional J3 5 (f)
and established a sharp bound of 2. This was supported by
a detailed three-dimensional parameter analysis, ensuring
the accuracy and sharpness of the result.

In this paper, we have benefited from several recent studies.
However, there are some key differences between our work
and theirs. Below are some of the main distinctions:

Comparison with Guo et al. (2024):

1. Class of functions studies
e This paper focuses on the subclass CST,(g)
,where g(z) = z. This imposes the condition

Re %Z)> 0, which connects the class to the

Carathéodory class P.

e Guo et al. consider a broader class denoted as
ST (1)( a subclass of close — to — star functions),
without restricting to a specific, which makes their
setting slightly more general but less specific in
analytic structure.

2. All the main results in this paper are distinct from those
in paper by Guo et al. because the two classes studied
are different.

Comparison with Lecko and Sim (2019):

1. Class of functions studies
e This paper focuses on the subclass CST; (g) ,where

which connects the class to the Carathéodory class
P.

g(z) = z. This imposes the condition Re
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e Lecko and Sim focus on the two subclasses
ST (1)and ST (i)

(subclasses of close — to — star functions),
which connect the class to the  Carathéodory
class P.

2. All the main results in this paper are distinct from
those in paper by Lecko and Sim because the two
classes studied are different.

3. This paper focuses on estimating logarithmic
coefficients up to ys, computing Hankel
determinants H,,,H,, and H3, , and analyzing
Zalcman functionals such as J5 3(f), while Lecko
and Sim focuse on estimating logarithmic
coefficients up to y3, computing Hankel
determinants H,,, and analyzing Zalcman
functionals such as J, 3(f).

There are significant future challenges concerning the
logarithmic coefficients from y4 onwards due to the
increasing number of terms. We have derived the
expression for y,, but we were not able to establish a
specific theorem for it, especially for the subclasses of
close-to-star functions. To the best our knowledge day,
no one has achieved that. However, God willing, in our
future work, we plan to incorporate the y, coefficient
we have obtained into several theorems.
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